Abstract: We present analytical five-loop results for the quark mass and quark field anomalous dimensions, for a general gauge group and in the MS scheme. We confirm the values known for the gauge group SU(3) from an independent calculation, and find full agreement with results available from large-N f studies.
Introduction
High-precision determinations of Standard Model (SM) parameters are crucially important for precise predictions for the observables measured in collider physics experiments, such as currently performed at the LHC, or possibly at a future linear collider. A thorough comparison of these predictions with experimental results allows to scrutinize the details of the hugely successful SM, and might shed light on possible physics beyond the SM.
In order to pin down the theory's fundamental parameters, such as coupling constants and masses, with sufficient precision, the knowledge of higher order perturbative corrections is required. This encompasses the evaluation of multi-loop Feynman diagrams and Feynman integrals, for which significant progress has been made in recent years, mainly with respect to the formulation of advanced algorithms that allow to treat the complexity level met in those higher-loop integrals.
We focus here on the strong interactions, which are embedded into the SM via Quantum Chromodynamics (QCD). The relevant parameters are then the (strong) gauge coupling and the quark masses, both of which run with the energy scale according to the renormalization group (RG) equations. In order to evolve e.g. the low-energy value of the coupling constant (measured with high precision from tau lepton decay) to high energies, the anomalous dimension of the gauge coupling (the so-called Beta function) is needed, as coefficient in the corresponding RG equation. Likewise, a high-order evaluation of the quark mass anomalous dimension gives access to precise values for e.g. charm and bottom quark masses, which are measured at low energies (typically a few GeV) but whose uncertainty at the high-energy scale of the Higgs mass m H = 125 GeV is important in Higgs decay rates into such quark pairs. In particular, to match the precision of the known five-loop inclusive decay width of H →[1] , one should evolve the parameters (which are α s (µ) and the running quark mass m q (µ) with µ being the renormalization scale) from low energies to µ = m H at the same perturbative order, for full consistency and to avoid large logarithms ln(µ 2 /m 2 H ). Given this clear phenomenological motivation, we will present new results for the quark mass anomalous dimension here, applying a number of the above-mentioned algorithmic advances. While this renormalization constant has been studied previously up to five loops in perturbation theory [2] [3] [4] [5] [6] [7] , we generalize it from the gauge group SU(3) to a semi-simple Lie group. At the same time, we provide a truly independent check on the available SU(3) result, since we utilize largely independent methods, as described below. We will also give results for a related quantity needed to renormalize the quark sector at five loops, namely the quark field anomalous dimension in Feynman gauge, again generalizing known SU(3) results to a semi-simple Lie group. The paper is organized as follows. We start by explaining our computational setup in section 2. Using some notation defined in section 3, we then present and discuss results in sections 4 and 5, before concluding in section 6. For convenience, an appendix reproduces large-N f results from the literature, which we use for consistency checks.
Setup
Let us start by explaining our computational setup, which closely follows the one employed and tested in [8] . We base our highly automated setup on the diagram generator qgraf [9, 10] and various in-house FORM [11] [12] [13] codes. After generating the required fermionic 2-point functions, we apply projectors and perform the group algebra with color [14] . To extract the ultraviolet (UV) divergences, we then use the freedom to change the low-momentum behavior and make all propagators massive, which regulates the infrared at the cost of introducing a new counterterm for the unphysical regulator mass. Expanding to sufficient depth in the external momentum [15] [16] [17] and keeping all potentially UV divergent structures results in nullifying the external momentum. The coefficients of this expansion can then be mapped onto a family of fully massive vacuum integrals, which are labelled by 15 indices (corresponding to maximally 12 propagators plus 3 scalar products) at five loops [18] . As a next and fairly time-consuming step, we reduce those integrals to a small set of master integrals, powered by our own codes crusher [19] and TIDE [18] , which are based on integration-by-parts (IBP) identities [20] and use a Laporta-type algorithm [21] for a systematic integral reduction.
At five loops, we end up with a set of 110 master integrals. These have been evaluated in an ε-expansion around d = 4 − 2ε dimensions in previous works [18, 22] , using an approach based on IBP reductions and difference equations [21] that has been realized in C++ and uses Fermat [23] to perform the polynomial algebra that arises in solving systems of linear equations with large rational coefficients. The resulting high-precision numerical results for the coefficients of the ε-expansions finally allow us to utilize the integer-relation finding algorithm PSLQ [24] to discover the analytic content of some of these numbers, and to find relations between others. As a consequence, we are able to provide all our results given below in analytic form.
As has already been mentioned elsewhere [8] , our high-precision evaluation of all 5-loop master integrals has not yet produced results for the 12-line families, see figure 1. These do not contain divergences in four dimensions, and could therefore be avoided in evaluations of anomalous dimensions.
It turns out, however, that with our integral reduction criteria and lexicographic ordering prescription, we do get contributions from these integral classes since they are multiplied by prefactors with spurious poles as d → 4. To fix the values of the 12-line master integrals that we need, we first note that in all our results, only three independent linear combinations appear: Here, each integral I #,n corresponds to the ε n -coefficient of the respective fully massive master integral of figure 1, divided by the fifth power of the 1-loop tadpole J for normalization reasons 1 . While it is conceivable that there exists a suitable basis transformation that eliminates these linear combinations altogether from the final results, we have not yet performed a systematic search of such transformations in our integral reduction tables, but opted for other criteria to fix the numerical values of the three linear combinations, with high precision, as we will explain now.
As a crude order-of-magnitude estimate, we have evaluated the set of 12-line integrals via Feynman parametric representations (see e.g. [25] ) and subsequent (primary) sector decomposition, using the strategy explained in [26, 27] and as implemented in FIESTA [28] as well as own code (see [29] ). Due to the large prefactors and cancellations in eqs. (2.1)-(2.3), a 6-digit evaluation results in the estimates
with 3-digit accuracy. Turning now to high-precision evaluations, we first recall that the higher-order ε-poles of renormalization constants are completely determined by lower-order coefficients. Checking these, we obtain one consistency condition that allows to fix ℓ 0 . Second, we observe the occurrence of some rank-12 group invariants in another renormalization constant that we have evaluated using the same setup, namely for the ghost-gluon vertex [30] . Using eq. (2.4), to determine their coefficients, we find that they vanish at least to this low accuracy. Taking this zero for granted, we turn the argument around and require e.g. the structure d 444 F AA N f (where the group invariant is in the notation of [14] ) to be absent from the final result; this gives us another condition, fixing ℓ 2 . Third, for fixing the remaining linear combination, we choose to compare our results in the SU(3) limit to the previously known 5-loop results. To be concrete, out of the many possible coefficients we choose the n f term of γ m as given in [7] , giving us one constraint which fixes ℓ 1 . Along these lines, we obtain numerical values for all three linear combinations with 260 digits, the first 50 of which read
5)
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and which can be seen to be consistent with our low-precision estimates of eq. (2.4) that had been obtained by direct integration.
Notation
Let us fix our notation here: we work with a semi-simple Lie algebra with hermitian generators T a , whose real and antisymmetric structure constants f abc are fixed by the commutation relation [T a , T b ] = if abc T c . As usual, the quadratic Casimir operators of the fundamental (adjoint) representation (of dimensions N F and N A , respectively) are defined as
we denote the number of quark flavors with N f , and find it convenient to define the following normalized combinations:
In our multi-loop diagrams, we will encounter traces of more than two group generators, giving rise to higher-order group invariants. It is useful to define traces over combinations of symmetric tensors [14] , of which we need the following (writing [F a ] bc = −if abc for the generators of the adjoint representation):
Here, sTr stands for a fully symmetrized trace (such that sTr(ABC) = 1 2 Tr(ABC + ACB) etc.). While dealing with the quark sector, it might seem more natural to normalize these traces with respect to the dimension of the fundamental representation; to this end, we note the relation N A T F = N F C F which holds in general [14, 31] . For the gauge group SU(N ) (where T F = 1 2 and C A = N ), the normalized group invariants introduced above read [14] 
The corresponding SU(3) values, relevant for physical QCD, hence read
Quark mass renormalization
The renormalization constant for the quark mass m bare = Z m m ren , or equivalently its anomalous dimension γ m = −∂ ln µ 2 ln Z m , has been known at two [2] and three loops [3, 4] for a long time. At four loops, γ m is known for SU(N) and QED [6] as well as for a general Lie group [5] . Presently, at five loops only the SU(3) value is publicly available [7] . We present our corresponding result for a general Lie group below. The structure of the quark mass anomalous dimension is
with g(µ) being the renormalized QCD gauge coupling constant that depends on the renormalization scale µ (we prefer to use the expansion parameter a which is nothing but a rescaled version of the renormalized strong coupling constant α s = g 2 (µ) 4π ). We work in d = 4 − 2ε dimensions and employ the MS scheme. The coefficients γ mn are polynomials in n f and can be written in terms of our normalized group factors. Up to four loops, they read [5] 
where we have denoted values of the Riemann Zeta function as ζ s = ζ(s) = n>0 n −s . At five loops, from app. A, we have LO and NLO large-N f terms to all orders, coinciding with the leading terms above, and predicting the first two terms of the 5-loop contributions as
We have evaluated the remaining coefficients, mapping all diagrams onto fully massive vacuum tadpoles; IBP-reducing them to master integrals; using high-precision numerical evaluations thereof plus some additional consistency conditions to fix linear combinations of 12-line master integrals as explained in section 2; and finally employing PSLQ at 200 digits for discovery, and at 250 digits for confirmation, we confirm the two large-N f expressions in eqs. (4.7) and (4.8), and obtain the three missing coefficients of eq. (4.6) in analytic form, containing only Zeta values 2 : Let us now discuss some checks on this new result. The authors of [7] have published the full 5-loop result for the case of SU (3). To compare, we recall the definition of our expansion parameter in eq. (4.2) and put all group invariants to their SU(3) values as given in eq. (3.4) ; the γ m1..4 as listed above then coincide with the expressions given in [7] . Furthermore, the same group has very recently generalized their work to a general Lie group as well [32] . We have cross-checked their preliminary result with our γ m4 as given above, and found full agreement. Since both five-loop results have been obtained with completely different methods (with the exception of also relying on qgraf for diagram generation, in [32] the 5-loop renormalization constants are mapped onto massless 4-loop two-point functions [33] [34] [35] , and integral reduction is done via 1/d expansions [36, 37] ), this agreement constitutes an extremely strong check.
Quark field renormalization
For completeness, let us also present our new five-loop result for the quark field anomalous dimension γ 2 = −∂ ln µ 2 ln Z 2 , where the renormalization constant Z 2 relates bare and renormalized quark fields as ψ bare = √ Z 2 ψ ren . As opposed to the quark mass, this quantity is not physical and hence gauge dependent. Lower-loop results can be found for SU(N) and covariant gauge in [38] , and for a general Lie group with ξ 0 , ξ 1 terms (which corresponds to a NLO expansion around Feynman gauge) in [39] . At five loops, γ 2 is known for SU(3) in Feynman gauge [7] , and we will below once more present the generalization to a general Lie group.
Up to four loops, we obtain (ξ being the covariant gauge parameter, such that the values ξ = 0/1 correspond to Feynman/Landau gauge) 
We have presented the full gauge parameter dependence above. Note that this fills a gap in the literature and constitutes new information at four loops: in [39] only the terms linear in ξ have been evaluated for a general Lie group, while with full gauge dependence only the SU(N) result is available [38] . However, due to the degeneracies 2d 1 = 6c 2 f − 5c f + 13/12 and 2d 2 = 7/12 − c f in the SU(N) limit, one cannot uniquely extract the Lie group structure from the latter reference. Needless to say that our result for γ 23 given in eq. (5.4) reproduces the ξ 0 and ξ 1 terms given in [39] , and in the SU(N) limit reduces to the respective expressions of [38] , for all powers of ξ.
Expanding the all-order large-N f Landau gauge result of eq. As a speculation, comparing the Landau gauge prediction eq. (5.5) with the Feynman gauge result eq. (5.8), the full result for γ 243 could be simply adding δγ 243 = ξ(3197/144 + 7ζ 3 − 36ζ 4 ); more generally however, consistency only requires that δγ 243 = c f u 1 (ξ) + u 2 (ξ) with u 1 (0) = 0 = u 1 (1) as well as u 2 (0) = 0 and u 2 (1) = 3197/144 + 7ζ 3 − 36ζ 4 , the simplest choice being the one speculated above.
As a check, replacing the group invariants with the values of eq. (3.4) in our Feynman gauge result for γ 24 , we find perfect agreement with the known SU(3) result of [7] (see also eq. (46) of [40] ).
Conclusions
We have provided new results for two fundamental renormalization coefficients, at five loops and for a semi-simple Lie group. In particular, our expression for the gauge-invariant quark mass anomalous dimension γ m coincides in various limits (large N f as well as SU(3)) with previously known results, and coincides exactly with recent results of another group [32] . We have also provided the Feynman gauge result for the quark field anomalous dimension γ 2 , which again could be checked against known expressions in the abovementioned limits. From these two quantities, one can reconstruct the two renormalization constants Z m and Z 2 of the quark sector, an electronic version of which is available by downloading the source of this article from http://arXiv.org/abs/1612.05512.
As had already been observed in [5] , looking at e.g. the 4-loop result for the quark mass anomalous dimension eq. (4.5), all Zeta terms (and also the higher group invariants d n ) vanish at {c f = 1, n f = where we observe that the cancellation pattern does not hold through five loops -although the structure becomes much simpler, due to cancellation of all terms containing {ζ 2 3 , ζ 4 , ζ 6 , ζ 7 }. To conclude the renormalization program at five loops, one needs to determine three more renormalization constants, which can be chosen to be those of the gluon and ghost fields, Z 3 and Z c 3 , respectively, and of the ghost-gluon vertex Z ccg 1 . From these, due to gauge invariance, one can then construct the renormalization constant for the gauge coupling (aka the Beta function, whose five-loop coefficient is so far known for SU(3) only [41] ) as well as those for the remaining vertices. While the same methods that we have used here are sufficient to calculate those missing coefficients (which indeed already led to the NLO terms at large N f [8] ), due to the complexity of the determination of Z 3 we leave the evaluation of the full coefficients for future work.
